
TAP Free Energy
(Thouless-Anderson-Palmer)

Continuation

Geometric decomposition

Mixed 𝑝-spin FE when ℎ > 0



Mixed 𝑝-spin Hamiltonian:

• Gaussian proc. on sphere

• 𝔼 𝐻𝑁 𝜎 = 0

• 𝔼 𝐻𝑁 𝜎 𝐻𝑁 𝜏 = 𝑁𝑧
𝜎⋅𝜏

𝑁
  

𝐻𝑁 

𝑧 𝑥 = ෍

𝑝≥0

𝑎𝑝𝑥𝑝Covariance function:

𝑎𝑝 ≥ 0

Recap: Mixed 𝒑-spin Hamiltonian



Recap: Annealed Free Energy

𝔼 𝑄𝑁 exp 𝛽𝐻𝑁 𝜎  =  exp 𝑁
𝛽2

2
𝑧(1)

𝑄𝑁 exp 𝛽𝐻𝑁 𝜎  ෩≤  exp 𝑁
𝛽2

2
𝑧 1



𝑎0 = 𝑎1 = 0
and 

𝛽 ≤ 𝛽𝑐 𝑧
and

𝑄𝑁 unif. on
−1,1 𝑁 or 𝑆𝑁−1

𝑄𝑁 exp 𝛽𝐻𝑁 𝜎  ෥<  exp 𝑁
𝛽2

2
𝑧 1

𝑄𝑁 exp 𝛽𝐻𝑁 σ  ෥=  exp 𝑁
𝛽2

2
𝑧 1

𝑎0 ≠ 0
or

𝑎1 ≠ 0 

Recap: Annealed Free Energy



= ෍

𝛼∈𝐴

𝑄𝑁 1𝐷𝛼
exp 𝛽𝐻𝑁

ℎ(𝜎)

𝐴: = 𝑁−1/3ℤ ∩ −1,1

Configuration space:  𝑆𝑁−1 =  sphere of radius 𝑁 in ℝ𝑁 

Reference measure:  𝑄𝑁 = uniform prob. on 𝑆𝑁−1 .

Hamiltonian:  𝐻𝑁: 𝑆𝑁−1 → ℝ

..with ext. field:  𝐻𝑁
ℎ 𝜎 = 𝐻𝑁 𝜎 + ℎ 𝜎 ⋅ 𝑢

𝑍𝑁 = ෍

𝛼∈𝐴

𝑍𝑁(𝐷𝛼)

𝐷α: = σ ∈ 𝑆𝑁−1:
σ ⋅ 𝑢

𝑁
− 𝛼 ≤ 𝑁− Τ1 3

Recap: Geometric decomposition



𝑍𝑁 = ෍

𝛼∈𝐴

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐷𝛼) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐷𝛼

𝑢

𝛼



𝑍𝑁 = ෍

𝛼∈𝐴

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐷𝛼) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐷𝛼

𝑢

𝛼

෥=

exp
𝑁

2
log 1 − 𝛼2



𝑍𝑁 = ෍

𝛼∈𝐴

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐷𝛼) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐷𝛼

𝑢

𝛼

෥=

exp
𝑁

2
log 1 − 𝛼2



𝑍𝑁 = ෍

𝛼∈𝐴

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐷𝛼) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐷𝛼

𝑢

𝛼

෥=

exp
𝑁

2
log 1 − 𝛼2

=

exp 𝑁𝛽𝛼2

Curie-Weiss



𝑍𝑁 = ෍

𝛼∈𝐴

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐷𝛼) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐷𝛼

𝑢

𝛼

෥=

exp
𝑁

2
log 1 − 𝛼2

𝐹(𝛼)

=

exp 𝑁𝛽𝛼2

exp 𝑁 𝛽𝛼2 + 𝛽ℎ𝛼 +
1

2
log 1 − 𝛼2

𝐹𝑁  →  sup
𝛼∈ −1,1

𝐹(𝛼)

𝑍𝑁 ෥= ෍

𝛼∈𝐴

exp 𝑁𝐹(𝛼)

Curie-Weiss



𝑍𝑁 = ෍

𝛼∈𝐴

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐷𝛼) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐷𝛼

𝑢

𝛼

෥=

exp
𝑁

2
log 1 − 𝛼2

Mixed 𝑝-spin covar 𝑧(𝑥)



𝑍𝑁 = ෍

𝛼∈𝐴

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐷𝛼) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐷𝛼

𝑢

𝛼



𝑍𝑁 = ෍

𝛼∈𝐴

𝑍𝑁(𝐷𝛼)

𝛼 = 0

𝑍𝑁(𝐷0) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷0 × exp 𝑁𝛽ℎ ⋅ 0 × 𝑄𝑁 𝐷0

𝑢

𝛼



𝑍𝑁(𝐷0) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷0 × exp 𝑁𝛽ℎ ⋅ 0 × 𝑄𝑁 𝐷0

𝑍𝑁 = ෍

𝛼∈𝐴

𝑍𝑁(𝐷𝛼)

𝛼 = 0

𝑢

𝛼

෥=  1
=1



𝑍𝑁(𝐷0) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷0

𝑍𝑁 = ෍

𝛼∈𝐴

𝑍𝑁(𝐷𝛼)

𝛼 = 0

𝑢

𝛼 ෩≤  exp 𝑁
𝛽2

2
𝑧(1)



𝑍𝑁 = ෍

𝛼∈𝐴

𝑍𝑁(𝐷𝛼)

𝛼 = 0

𝑢

𝛼 𝑍𝑁(𝐷0)  ෩≤  exp 𝑁
𝛽2

2
𝑧(1)



𝛼 = 0

𝑢

𝛼 𝑍𝑁(𝐷0)  ෩≤  exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)



𝛼 = 0

𝑢

𝛼

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)
෩≤

exp 𝑁
𝛽2

2
𝑧(1)



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐷𝛼) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐷𝛼

𝑢

𝛼



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑢

𝛼

𝑍𝑁(𝐷𝛼) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐷𝛼



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝐻𝑁 𝑚 + ො𝜎 =: 𝐻𝑁 𝑚 + ∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝐻𝑁
𝑚 ො𝜎

𝐻𝑁 𝑚 ∇𝐻𝑁 𝑚 ⋅ ො𝜎 ෝ𝜎:ෝ𝜎⋅𝑚=0 𝐻𝑁
𝑚 ො𝜎

ෝ𝜎:ෝ𝜎⋅𝑚=0

Independent Gaussian processes!

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎

ෝ𝜎:ෝ𝜎⋅𝑚=0

𝔼 𝐻𝑁
𝑚 ො𝜎 𝐻𝑁

𝑚 Ƹ𝜏 = 𝑁𝑧𝛼2
ො𝜎 ⋅ Ƹ𝜏

𝑁

𝑧𝑞 𝑥 = 𝑧 𝑞 + 𝑥 − 𝑧′ 𝑞 𝑥 − 𝑧 𝑞



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2𝐻𝑁 𝑚 + ො𝜎 =: 𝐻𝑁 𝑚 + ∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝐻𝑁

𝑚 ො𝜎



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝐻𝑁(𝜎)

=

𝐻𝑁 𝑚 + ∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝐻𝑁
𝑚 ො𝜎



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝛽𝐻𝑁(𝜎)

=

𝛽𝐻𝑁 𝑚 + 𝛽∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼]

=

𝑄𝑁[exp 𝛽𝐻𝑁 𝑚 + 𝛽∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼]

=

𝑄𝑁[exp 𝛽𝐻𝑁 𝑚 + 𝛽∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼]

=

𝑄𝑁[exp 𝛽𝐻𝑁 𝑚 + 𝛽∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]

=

exp 𝛽𝐻𝑁 𝑚 × 𝑄𝑁[exp 𝛽∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼]

=

 

exp 𝛽𝐻𝑁 𝑚 × 𝑄𝑁[exp 𝛽∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼]

=

exp 𝛽𝐻𝑁 𝑚 × 𝑄𝑁[exp 𝛽∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼]

=

exp 𝛽𝐻𝑁 𝑚 × 𝑄𝑁[exp 𝛽∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽ℎ𝑒𝑓𝑓(𝑚) ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]

:=∇𝐻𝑁 𝑚



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼]

=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽ℎ𝑒𝑓𝑓(𝑚) ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]

𝑢

𝛼

ℎ𝑒𝑓𝑓(𝑚)

𝑆𝑁−1

𝐷𝛼 − 𝑚 ≃ 𝑆𝑁−2( 𝑁(1 − 𝛼2))

𝐷𝛼



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼]

=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽ℎ𝑒𝑓𝑓(𝑚) ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]

1{|ℎ𝑒𝑓𝑓 𝑚 ⋅ෝ𝜎|≤𝑁−1/3}

ℎ𝑒𝑓𝑓(𝑚)

𝑆𝑁−1

𝐷𝛼 − 𝑚 ≃ 𝑆𝑁−2( 𝑁(1 − 𝛼2))

𝐷𝛼



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼]

=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽ℎ𝑒𝑓𝑓(𝑚) ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]

𝐸𝑚 ≔ 𝐷𝛼 ∩ {ℎ𝑒𝑓𝑓 𝑚 ⋅ (𝜎 − 𝑚)| ≤ 𝑁−1/3}

1{|ℎ𝑒𝑓𝑓 𝑚 ⋅ෝ𝜎|≤𝑁−1/3} = 1{|ℎ𝑒𝑓𝑓 𝑚 ⋅(𝜎−𝑚)|≤𝑁−1/3}

𝑆𝑁−1

𝐷𝛼 − 𝑚 ≃ 𝑆𝑁−2( 𝑁(1 − 𝛼2))

𝐷𝛼



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼]

=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽ℎ𝑒𝑓𝑓(𝑚) ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]

𝐸𝑚 ≔ 𝐷𝛼 ∩ {𝜎 ∈ 𝑆𝑁−1: |ℎ𝑒𝑓𝑓 𝑚 ⋅ (𝜎 − 𝑚)| ≤ 𝑁−1/3}

1{|ℎ𝑒𝑓𝑓 𝑚 ⋅ෝ𝜎|≤𝑁−1/3} = 1{|ℎ𝑒𝑓𝑓 𝑚 ⋅(𝜎−𝑚)|≤𝑁−1/3}

𝑆𝑁−1

𝐷𝛼 − 𝑚 ≃ 𝑆𝑁−2( 𝑁(1 − 𝛼2))

𝐷𝛼



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼]

=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽ℎ𝑒𝑓𝑓(𝑚) ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]

𝐸𝑚 ≔ 𝐷𝛼 ∩ {𝜎 ∈ 𝑆𝑁−1: |ℎ𝑒𝑓𝑓 𝑚 ⋅ (𝜎 − 𝑚)| ≤ 𝑁−1/3}

1{|ℎ𝑒𝑓𝑓 𝑚 ⋅ෝ𝜎|≤𝑁−1/3} = 1{|ℎ𝑒𝑓𝑓 𝑚 ⋅(𝜎−𝑚)|≤𝑁−1/3}

𝑆𝑁−1

𝐷𝛼 − 𝑚 ≃ 𝑆𝑁−2( 𝑁(1 − 𝛼2))

𝐷𝛼



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼]

=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽ℎ𝑒𝑓𝑓(𝑚) ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐷𝛼]

𝐸𝑚 ≔ 𝐷𝛼 ∩ {𝜎 ∈ 𝑆𝑁−1: |ℎ𝑒𝑓𝑓 𝑚 ⋅ (𝜎 − 𝑚)| ≤ 𝑁−1/3}



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚]

=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽ℎ𝑒𝑓𝑓(𝑚) ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

𝐸𝑚 ≔ 𝐷𝛼 ∩ {𝜎 ∈ 𝑆𝑁−1: |ℎ𝑒𝑓𝑓 𝑚 ⋅ (𝜎 − 𝑚)| ≤ 𝑁−1/3}



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚]

=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽ℎ𝑒𝑓𝑓(𝑚) ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

෥=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

𝐸𝑚 ≔ 𝐷𝛼 ∩ {𝜎 ∈ 𝑆𝑁−1: |ℎ𝑒𝑓𝑓 𝑚 ⋅ (𝜎 − 𝑚)| ≤ 𝑁−1/3}



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚]

=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽ℎ𝑒𝑓𝑓(𝑚) ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

෥=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

𝐸𝑚 ≔ 𝐷𝛼 ∩ {𝜎 ∈ 𝑆𝑁−1: |ℎ𝑒𝑓𝑓 𝑚 ⋅ (𝜎 − 𝑚)| ≤ 𝑁−1/3}



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚]

=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽ℎ𝑒𝑓𝑓(𝑚) ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

෥=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

𝐸𝑚 ≔ 𝐷𝛼 ∩ {𝜎 ∈ 𝑆𝑁−1: |ℎ𝑒𝑓𝑓 𝑚 ⋅ (𝜎 − 𝑚)| ≤ 𝑁−1/3}

෩≤  exp 𝑁
𝛽2

2
𝑧𝛼2(1 − 𝛼2)



𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼

𝑚 = 𝑚𝛼 = 𝛼𝑢 

𝜎 =: 𝑚 + ො𝜎 

𝐻𝑁
𝑚 ො𝜎 ∼ 𝑧𝛼2

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚]

=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽ℎ𝑒𝑓𝑓(𝑚) ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

෥=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

𝐸𝑚 ≔ 𝐷𝛼 ∩ {𝜎 ∈ 𝑆𝑁−1: |ℎ𝑒𝑓𝑓 𝑚 ⋅ (𝜎 − 𝑚)| ≤ 𝑁−1/3}

෩≤  exp 𝑁
𝛽2

2
𝑧𝛼2(1 − 𝛼2)



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐷𝛼) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐷𝛼

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚] ෥= exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

෩≤  exp 𝑁
𝛽2

2
𝑧𝛼2(1 − 𝛼2)



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐷𝛼) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐷𝛼 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐷𝛼

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚] ෥= exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

෩≤  exp 𝑁
𝛽2

2
𝑧𝛼2(1 − 𝛼2)



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐸𝑚) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐸𝑚

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚] ෥= exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐸𝑚) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐸𝑚

𝑄𝑁[exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚] ෥= exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐸𝑚) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐸𝑚

෥=

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐸𝑚) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐸𝑚



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐸𝑚) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐸𝑚



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁(𝐸𝑚) ෥= 𝑄𝑁 exp 𝛽𝐻𝑁(𝜎) |𝐸𝑚 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐸𝑚

exp 𝛽𝐻𝑁 𝑚 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

෥= 



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁 𝐸𝑚 ෥= exp 𝛽𝐻𝑁 𝑚 × 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚] × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐸𝑚



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁 𝐸𝑚 ෥= exp 𝛽𝐻𝑁 𝑚 × 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚] × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐸𝑚



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁 𝐸𝑚 ෥= exp 𝛽𝐻𝑁 𝑚 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐸𝑚 × 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁 𝐸𝑚 ෥= exp 𝛽𝐻𝑁 𝑚 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐸𝑚 × 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

෩≤ 

exp 𝑁
𝛽2

2
𝑧𝛼2(1 − 𝛼2)



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁 𝐸𝑚 ෥= exp 𝛽𝐻𝑁 𝑚 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐸𝑚 × 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

෩≤ 

exp 𝑁
𝛽2

2
𝑧𝛼2(1 − 𝛼2)



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

෩≤ 

exp 𝑁
𝛽2

2
𝑧𝛼2(1 − 𝛼2)

෥=

exp
𝑁

2
log 1 − 𝛼2

𝑍𝑁 𝐸𝑚 ෥= exp 𝛽𝐻𝑁 𝑚 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐸𝑚 × 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

෩≤ 

exp 𝑁
𝛽2

2
𝑧𝛼2(1 − 𝛼2)

෥=

exp
𝑁

2
log 1 − 𝛼2

𝑍𝑁 𝐸𝑚 ෥= exp 𝛽𝐻𝑁 𝑚 × exp 𝑁𝛽ℎ𝛼 × 𝑄𝑁 𝐸𝑚 × 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

෥=
exp 𝛽ℎ(𝑚 ⋅ 𝑢)



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

෩≤ 

exp 𝑁
𝛽2

2
𝑧𝛼2(1 − 𝛼2)

෥=

exp
𝑁

2
log 1 − 𝛼2

𝑍𝑁 𝐸𝑚 ෥= exp 𝛽𝐻𝑁 𝑚 × exp 𝛽ℎ(𝑚 ⋅ 𝑢) × 𝑄𝑁 𝐸𝑚 × 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

෩≤ 

exp 𝑁
𝛽2

2
𝑧𝛼2(1 − 𝛼2)

෥=

exp
𝑁

2
log 1 − 𝛼2

𝑍𝑁 𝐸𝑚 ෥= exp 𝛽𝐻𝑁 𝑚 + ℎ(𝑚 ⋅ 𝑢) × 𝑄𝑁 𝐸𝑚 × 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

෩≤ 

exp 𝑁
𝛽2

2
𝑧𝛼2(1 − 𝛼2)

෥=

exp
𝑁

2
log 1 − 𝛼2

𝑍𝑁 𝐸𝑚 ෥= exp 𝛽𝐻𝑁 𝑚 + ℎ(𝑚 ⋅ 𝑢) × 𝑄𝑁 𝐸𝑚 × 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

෩≤ 

exp 𝑁
𝛽2

2
𝑧𝛼2(1 − 𝛼2)

෥=

exp
𝑁

2
log 1 − 𝛼2

𝑍𝑁 𝐸𝑚 ෥= exp 𝛽𝐻𝑁 𝑚 + ℎ(𝑚 ⋅ 𝑢) × 𝑄𝑁 𝐸𝑚 × 𝑄𝑁[exp 𝛽𝐻𝑁
𝑚 ො𝜎  |𝐸𝑚]

exp 𝛽𝐻𝑁
ℎ 𝑚

=

෩≤

exp 𝛽𝐻𝑁
ℎ 𝑚 +

𝑁

2
log 1 − 𝑞 + 𝑁

𝛽2

2
𝑧𝑞(1 − 𝑞) 𝑞 ≔

𝑚 2

𝑁

𝐹𝑇𝐴𝑃(𝑚)



෩≤

exp 𝑁
𝛽2

2
𝑧(1)

𝑍𝑁  =  𝑍𝑁 𝐷0  +  ෍

𝛼∈𝐴∖{0}

𝑍𝑁(𝐷𝛼)

𝑍𝑁 𝐸𝑚 ෩≤ exp 𝐹𝑇𝐴𝑃(𝑚)

𝐹𝑇𝐴𝑃 𝑚 : = 𝛽𝐻𝑁
ℎ 𝑚 +

𝑁

2
log 1 − 𝑞 + 𝑁

𝛽2

2
𝑧𝑞(1 − 𝑞)

𝑞 ≔
𝑚 2

𝑁



TAP: Thouless-Anderson-Palmer ‘77



Keep decomposing

Theorem (B ‘21):

𝐹𝑁 ≤ sup
𝑚

1

𝑁
𝐹𝑇𝐴𝑃 𝑚 + 𝑜 1

𝑍𝑁  =  ෍

𝑚

𝑍𝑁(𝐸𝑚)

⋅ ≤ exp 𝐹𝑇𝐴𝑃 𝑚 + 𝑜(𝑁)

• 𝐻𝑁  and mixed 𝑝-spin Hamiltonian
• Either

• Spherical model (𝑄𝑁 uniform on 𝑆𝑁−1 ), or
• Ising model (𝑄𝑁 uniform on −1,1 𝑁 )
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