
TAP Free Energy
(Thouless-Anderson-Palmer)

Mixed 𝑝-spin FE when ℎ > 0



𝐹𝑁(𝛽) ≤
β2

2
𝑧 1 + 𝑜 1

Recall:

𝑧 𝑥 = 

𝑝≥2

𝑎𝑝 𝑥𝑝

ℎ = 0 𝛽 ∈ [0, ∞)

𝐹𝑁(𝛽) =
β2

2
𝑧 1 + 𝑜 1

𝑧 𝑥 = 

𝑝≥2

𝑎𝑝 𝑥𝑝

ℎ = 0 𝛽 ∈ [0, 𝛽𝑐]

What about 𝒉 > 𝟎?
  



What about 𝒉 > 𝟎?

Model: spherical mixed 𝑝 -spin
𝐻𝑁 𝜎  ~ 𝑧 𝑥 = σ𝑝≥2 𝑎𝑝 𝑥𝑝

𝐻𝑁
ℎ 𝜎 = 𝐻𝑁 𝜎 + ℎ(𝜎 ⋅ 𝑢)

⋅ =? ? ? +𝑜(1)

𝐹𝑁 𝛽, ℎ =
1

𝑁
log 𝑍𝑁 𝛽, ℎ =

1

𝑁
log 𝑄𝑁[exp(𝛽𝐻𝑁

ℎ 𝜎 )] 

𝑢 ∈ ℝ𝑁, 𝑢 = 𝑁



𝑢

C-W strategy: decompose in direction 𝑢

𝐷α: = σ ∈ 𝑆𝑁−1:
σ ⋅ 𝑢

𝑁
− α ≤ 𝑁− Τ1 3

𝑍𝑁 𝐷 ≔ 𝑄𝑁 1𝐷 exp β𝐻𝑁
ℎ σ

𝑍𝑁 = 𝑍𝑁 𝑆𝑁−1 = 
α∈𝐴

𝑍𝑁 𝐷α

𝐴: = 𝑁−1/3ℤ ∩ −1,1

𝑆𝑁−1 = ራ
α∈𝐴

𝐷α

𝑆𝑁−1



𝑢

𝑍𝑁 𝐷α = 𝑄𝑁 1𝐷𝛼
exp 𝛽𝐻𝑁 σ + 𝛽ℎ(𝜎 ⋅ 𝑢)

𝑆𝑁−1

Ext. field term constant on 𝐷𝛼

𝐷α: = σ ∈ 𝑆𝑁−1:
σ ⋅ 𝑢

𝑁
− α ≤ 𝑁− Τ1 3

𝑁𝛽ℎα + 𝑜 𝑁

on  𝐷α  

𝑍𝑁 𝐷α = 𝑄𝑁 1𝐷𝛼
exp 𝛽𝐻𝑁 σ exp(𝑁𝛽ℎα + 𝑜 𝑁  )

=



𝑢

For 𝛼 = 0:

𝑆𝑁−1

Estimating 𝑍𝑁 𝐷𝛼  for 𝛼 = 0

𝑍𝑁 𝐷0 = 𝑄𝑁 1𝐷0
exp β𝐻𝑁 σ 𝑒𝑜 𝑁

= 𝑄𝑁 𝐷0 𝑄𝑁 exp β𝐻𝑁 σ |𝐷0 𝑒𝑜 𝑁

𝑍𝑁 𝐷α = 𝑄𝑁 1𝐷𝛼
exp β𝐻𝑁 σ exp(𝑁βℎα + 𝑜 𝑁  )



𝑢

𝑆𝑁−1

Consequence for decomposition

𝑍𝑁  =  𝑍𝑁 𝐷0  +  
α∈𝐴∖{0}

𝑍𝑁 𝐷α

≤

exp 𝑁
𝛽2

2
𝑧 1 + 𝑜(𝑁)



𝑢

𝑆𝑁−1

𝑍𝑁 𝐷α = 𝑄𝑁 1𝐷𝛼
exp β𝐻𝑁 σ exp 𝑁βℎα 𝑒𝑜(𝑁)

Estimating 𝑍𝑁 𝐷𝛼  for 𝜶 ≠ 0

= 𝑄𝑁[𝐷𝛼]𝑄𝑁 exp β𝐻𝑁 σ |𝐷𝛼 exp 𝑁βℎα 𝑒𝑜(



𝑄𝑁 exp β𝐻𝑁 σ |𝐷𝛼 = 𝑄𝑁 exp β𝐻𝑁 𝑚 + 𝛽∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝛽𝐻𝑁
𝑚 ො𝜎 |𝐷𝛼

𝐻𝑁 𝑚 + ෝσ = 𝐻𝑁 𝑚 + ∇𝐻𝑁 𝑚 ⋅ ො𝜎+. . .

𝐻𝑁 𝑚 + ෝσ =: 𝐻𝑁 𝑚 + ∇𝐻𝑁 𝑚 ⋅ ො𝜎 + 𝐻𝑁
𝑚 𝜎

Recentering Hamiltonian around 𝑚 

𝐻𝑁 𝑚 ∇𝐻𝑁 𝑚 ⋅ ො𝜎 ෝ𝜎:ෝ𝜎⋅𝑚=0 𝐻𝑁
𝑚 ො𝜎

ෝ𝜎:ෝ𝜎⋅𝑚=0

Independent Gaussian processes!
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